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Synthetic Theory of Superconnections
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In our preceding two papers we have developed synthetic differential
supergeometry up to the basic theory of differential forms. In this paper we give
the notion of connection, as well as its accompanying notions of connection form
and curvature form, superized in our synthetic context, and establish the second
Bianchi identity synthetically.

INTRODUCTION

The theory of elementary particles has been getting more and more
geometric. The intimate relations between Yang—Mills theories in physics
and the theory of connections in mathematics are widely known in both the
mathematics and physicscommunities. The differential geometric foundations
of gauge theories are firmly established.

Each elementary particle hasto abide by one of thetwo kinds of statistics,
namely, Bose—Einstein statistics or Fermi—Dirac statistics. Particles subject
to the former statistics are called bosons, while those subject to the latter
statistics are called fermions. Supergeometry has enabled mathematical physi-
cists to deal with both kinds of elementary particles on an equa footing,
providing the theory of connections with a super flavor.

Synthetic differential geometry is a vanguard of modern differential
geometry, in which infinitessmals are abundantly and coherently available.
To synthetic differential geometers the word “infinitesimal” is no longer a
jaw breaker, but a magic wand. In spite of many mathematicians' studied
indifference to infinitesimals per se, synthetic differential geometers are well
aware that microlinear spaces, which are spaces infinitesimally indistinguish-
able from Euclidean spaces, are to replace smooth manifolds, just as Riemann
integrals have been replaced completely by Lebesgue integrals. In the mathe-
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matics of our age, Riemann integrals are only a halfway house in memory
of Riemann, one of the greatest mathematicians of the 19th century. It is
doubtful that, without the glory of his name, they would have survived to
the concluding decade of the 20th century.

The exact formulation of supergeometry, in particular, the exact formula
tion of supermanifold, is not as easy as was first thought. Our main platform
is that the superization of microlinear space gives the right direction to
follow in supergeometry. We have aready developed synthetic differentia
supergeometry up to the basic theory of differential forms (Nishimura (1998,
1999). The principal objective of this paper is to develop the synthetic theory
of superconnection. The succeeding section is devoted to somewhat lengthy
preliminaries. In Section 2 we superize the notion of connection in our
synthetic context, and discuss superconnection form (gauge potential) and
covariant exterior differentiation. In Section 4 we introduce two kinds of
curvature form (gauge field) and compare them. Only one of them is to
satisfy the so-called second Bianchi identity. Superconnection forms and
curvature forms of induced superconnections are discussed in Section 3 and
the concluding part of Section 4.

Asisusua in synthetic differential geometry, the reader should presume
throughout the paper that we are working in a (not necessarily Boolean)
topos, so that the excluded middle and Zorn's lemma have to be avoided.
Objects of the topos go under such aliases as a “space,” a “set,” etc.

1. PRELIMINARIES
1.1. Basic Superalgebra

Let Z denote the set of integers, whose elements are usually written i,
j, k, ..., with or without subscripts. Let Z, denote the set of integers mod
2, whose elements are usually writtenp, q, r, . . ., with or without subscripts.
We usually denote O mod 2 by 0 and 1 mod 2 by 1, though integers are
sometimes regarded as elements of Z,. For any p € Z,, (—1)° denotes 1 or
—lasp =0orp = 1 Both Z and Z, are commutative rings in standard
sense. A superring is a Z,-graded ring. Given a superring &, we will often
write ¥° or &, for its even part and ¥* or ¥, for its odd part. We say that
& is graded commutative if for any a € P and any b € ¥4 we have

(1.1) ab = (—1)"ba.

Now we choose, once and for all, a graded commutative superring R
intended to play the role of real numbers in our supermathematics. So we
have the following axiom:

(1.2) R isagraded commutative superring.
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A left R-supermodule is a left R-module il whose underlying Abelian
group is decomposed into even and odd parts ., and ., (also written (°
and .Y, respectively, such that

(13) Ifae RPandu e .9 then au e MP*A.

The notion of aright R-supermodule is defined similarly. It is a truism that
R can canonically be regarded as both left- and right R-supermodules. It is
well known that every left R-supermodule it can be regarded as a right R-
supermodule in the sense that for any a € RP and any u e .9, we have

(14) ua = (—1)"au.

By the same token, every right R-supermodule can be regarded as a left R-
supermodule, so that we can feel free to use the term “R-supermodul€e’
without an adjective “left” or “right.” In addition, any R-supermodule Al is
an R-bimodule in the sense that for any u e M and any a, b € R we have

(1.5 (au)b = a(ub).

Each element u of an R-supermodule Al is decomposed uniquely into its
even and odd parts U, and u,, so that u = U, + U, with U € Jle and u, e
Mo If uis even or odd, then it is called pure, in which |u is defined to be
O or 1 according asu € Mg Or U e M.

Given R-supermodules it and N, an R-homomorphism ¢ from the right
R-module Jit to the right R-module N is called even or odd according as,
forany p € Z, and any u € JMP, we have

(1.6) f(u) € NP, or
(1.7) f(u) e NPHL,

The additive group of even or odd R-homomorphismsfrom ., to N isdenoted
by Homg(.it, N) or Hom,(M, N) [also written HomP(t, N') or Hom(t, N)].
We write Hom(./it, N)) for their direct sum Homg(uit, N') © Homy(M, N),
which can be considered as an R-supermodule in the sense that for any a e
R, any u e J, and any f € Hom(Jl, N) we have

(1.8) (af)(u) = af (u).

An R-superalgebra is an R-algebra s which is a superring and an R-
supermodule with respect to the same Z,-grading such that for any u, v e
A and any a, b € R we have

(2.9 (au)(vb) = a(uv)b.

An example of an R-superalgebra is the totality of R-valued functions on a
set with componentwise operations, in which its even and odd elements are
Revalued and R,-valued ones. A homomorphism of R-superalgebras is a
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homomorphism of their underlying R-algebras preserving Z,-gradings. Given
two R-superalgebras 4 and %, we will often write Specgsd for the set of
homomorphisms of R-superalgebras from s to 2.

The polynomial R-superalgebra R[Xy, ..., X,] of variables Xy, ..., X,
with each of the variables being named as either even or odd is the graded
commutative R-superalgebra freely generated by X, ..., X, over R. It is
characterized by the following universal property (Manin, 1988, Chapter 3,
82, Item 5).

Proposition 1.1. For any graded commutative R-superalgebra ¢ and
any pure elements a,, . . ., a, of & with |g], = |X| (1 =i = n), there exists
a unique homomorphism ¢ of R-superalgebras from R[Xy, ..., X,] to oA
such that o(X) = a (L <i = n).

Anidead $ of an R-superalgebra s is caled a superideal of & if both
the even and odd parts of each element of $ belong to $.

1.2. Welil Superalgebras and Supermicrolinearity

A Wil superalgebra is agraded commutative R-superalgebra 28 which,
regarded as an R-module, is to be written as T8 = R & m with the first
component being the R-superalgebra structure and the second being a finite-
dimensional nilpotent superideal (called the superideal of augmentation). By
way of example, the quotient superalgebra of the polynomia superalgebra
R[Xy, ..., Xq] with respect to the superideal generated by {X; X |1 =i =
n} is a Weil superalgebra and is denoted by 8(py, .. ., py) with p; = |X||
(1 =i = n). Given Weil superalgebras 28, and 28, with their superideals of
augmentation n1; and n,, respectively, a homomorphism of R-superalgebras
e: W, - W, is said to be a homomorphism of Weil superalgebras if it
preserves their superideals of augmentation, i.e., if ¢(nty)) C nt,. A finite
limit diagram of R-superalgebras is said to be a good finite limit diagram of
WEi| superalgebrasif every object occurring in the diagram isaWell superal-
gebra and every morphism occurring in the diagram is a homomorphism of
Well superalgebras. The diagram obtained from a good finite limit diagram
of Weil superalgebras by taking Specy is called a quasi-colimit diagram of
supersmall objects.

The super version of the general Kock axiom, called the general super-
Kock axiom, goes as follows:

(1.10) For any Weil superalgebra %, the canonical R-superalgebra
homomorphism 8 - R¥<r®) js an isomorphism.

Spaces of the form Specp(28) for some Weil superalgebras 28 are called
superinfinitesimal spaces or supersmall objects. The superinfinitesimal space
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corresponding to the Weil superalgebra 28(p;, ..., p,) is denoted by
D(p4, - - ., Pn). In particular, D(-), D(0), and D(1) are denoted also by 1, D,
and D, respectively. As an example, by Proposition 1.1, D, D, and D(O, 1)
are to be identified with {d € R¢d? = 0}. {d € R,|d? = 0}, and {(d,, d,)
e Re X Ro|d} = d3 = d,d,}, respectively. It is easy but interesting to see
that D = R,, from which and the general super-Kock axiom it follows that
every function from R, to R is linear (Dewitt, 1984, Exercise 1.1). Given
p € Z,, DP denotes D or D according as p is 0 or 1.

The superinfinitesimal space D(0, 1) plays a very important role in our
discussion of tangency. First we note that D(0, 1) can be identified with the
subset of R consisting of all d € R such that d2 = d2 = d.d, = 0. Under
this identification (dy, d,) € D(0, 1) corresponds to d; + d, € R. What
concerns us most about D(0, 1) is that the space D(0, 1), regarded as a subset
of R, is closed under the left and right actions of R on itself, while D and
D are not. More specifically, given a € R and (d,, d,) € D(0, 1), a(d,, d,)
and (dy, dy) a go as follows:

(1.11) a(dy, dp) = ad; + asdy, agdy + addh)
(1.12) (dy, dy)a = (dia + Do, i3, + dha,)

Just as the general Kock axiom paved the way for the introduction of
microlinear spaces, its super version invokes the notion of a supermicrolinear
space, which is by definition a space M abiding by the following condition:

(1.13) For any good finite limit diagram of Weil superalgebras with
its limit W, the diagram obtained by taking Specr and then
exponentiating over M is a limit diagram with its limit
M SpecrW,

Thefollowing proposition guarantees that we have plenty of supermicro-
linear spaces.

Proposition 1.2. (1) R, and R, be supermicrolinear spaces.
(2) The class of supermicrolinear spaces is closed under limits and
exponentiation by an arbitrary space.

1.3. Differential Calculus

The super version of the Kock-Lawvere axiom, which is subsumed
under the super version of the general Kock axiom discussed in the previous
subsection, goes as follows:

(1.14) For any functionf: D - R, there existsa unique b € R such
that f(d) = f(0) + bd for any d e D.
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(1.15) For any function g: D — R, there exists aunique ¢ € R such
that g(d) = g(0) + cd for any d € D.

The unique b and c in the above axioms are usually denoted by (fBO)(O),

and (fBl)(O), respectively. The axioms (1.14) and (1.15) are equivalent to
the following two axioms:

(1.16) For any function f: D - R, there exists a unique b’ € R such
that f(d) = f(0) + db’ for any d e D.
(2.17) For any function g: D — R, there existsa unique ¢’ € R such

that g(d) = g(0) + dc’ for any d € D.

The unique b’ and ¢’ in the above axioms are usualy denoted by (Oﬁ)f)(O)
and (Oﬁf)(O), respectively. These four axioms as awhole are called the super-
Kock—Lawvere axiom. For details of elementary differential calculus in this
direction the reader is referred to Nishimura (1998, §3).

We conclude this subsection by a definition. An R-supermodule Jt is
said to be graded Euclidean if it abides by the following conditions:

(1.18) For any function f: D — Jl, there exists aunique x e Jl such
that f(d) = f(0) + xd for any d e D.

(1.19) For any function g: D - .M, there exists aunique y e .l such
that g(d) = g(0) + yd for any d € D.

1.4. Supermicrocubes

A supermicrolinear space M shall be chosen arbitrarily once and for al.
Given (Py, - - -, Pn) € (Z2)", a pure n-supermicrocube of type (py, - - ., Pn)

the mapping
(dy, ..., dn_q) € DPL X ... X DPi-1 X DPi+1 X ., X DPn
—> ’y(dl, ey difl, e, di+1, ey dn,]_)

which is surely a pure (n — 1)-supermicrocube of type (P4, - - -, Pi—1, Pi+1
.y Pr)-

An n-supermicrocube on M is amapping from D(0, 1)" to M. We denote

by I"M the totality of n-supermicrocubes on M. In particular, I*M is usually

denoted by M, and their elements are called supervectors tangent to M.
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Given x € M, we denote the sets {t € T°M|t(0) = x}, {t € T*M|t(0) = X},
and {t € IM|(0) = x} by TIM, TiM, and J,M, respectively. We have
shown (Nishimura, 1998, 84) that J,M is an R-supermodule and that its
even and odd parts can naturally be identified with T¢M and T M. We have
noted there also that the R-supermodule J,M is graded Euclidean.

Given (P4, ..., Pn) € (Zy)", the canonical injection of DP X ... X
DPn into D(0, 1)" and the canonical projection of D(0, 1)" onto DP? X ...

a:yoftype(py,....,pi +4,...,p) onM (1 =i = n) are defined by

(120) (y;:a)(dy ..., d) =y(dy ..., ad, ..., d)
(121) (@:y)(dy ..., d) =y(dy ..., da ..., d)

forany (dy, ..., d,) € DPt X ... X DPifd X ., . X DPn,

of type (s, - - - » Po~1(ny) ON M is defined as follows:
(122) EG(’Y)(g)dl, ey dn) = ’ys_go.(l), ey du‘(n)) for any (dlr C ey dn) e
DPe " X ... X DPe™ T,

A graded differential n-formon M isamapping 6 fromT "M to R abiding
by the following conditions:

(123) 6(y:a)=6(,v)(1=i=n-1),whileb(y a =6(y)a
foranyq € Z,,anya € RY, andany y € T"M.
(1.24) If v is a pure n-microsquare of type (py, ..., Pn) On M, then
0Capy) = (=DPmib(y) 1 =i<j=n), where n;; =
PiZh=i+1Pn + PZh=tiaPn.
We denote by Z,(M) the totality of graded differential n-forms on M.
Giveny € "M and a € R, n-supermicrocubesy ;: aand a ;: y on M
(=i = n) are defined as in (1.18) and (1.19), respectively. Given ¥y e
T"™ and ¢ e Bermn,, an n-supermicrocube =(¥) on M is defined as in
(1.20). A differential n-form on M is a mapping 6 from "M to R subject
to the following conditions:

(1.25) 8(y;a) =08(,;,7) (1=i=n~-1),whiled ;a) = d(y)a
foranya e Randany y € I"M.
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(1.26) If ¥ is a pure n-supermicrocube of type (py, ..., pn) ON M,
then_ﬁ(E(i,jﬁ) = (_.1)1+T]i,j(7) (1 = <j = n), where mMij =
Pi 2hoivaPn + P ZhtaPne

We denote by =,(M) the totality of differential n-forms on M. We have
shown (Nishimura, 1999, Proposition 1.2) that there is a natura bijective
correspondence between E,(M) and E,(M). We have shown (Nishimura
(1999, Proposition 2.5) that, given § € Z,(M), there exists a unique df <
Enr1(M) such that for any (py, ..., Pns1) € (Zy)", any y e TPL-PrtiM,
and any (e, ..., €1 € Df X ... X DB, we have

(127) dB(v)er ... &1 = Z (—1)1*(0(vo) — B(vs) € .- & ...
€1

with o; = pi CheiPr)-

1.6. Supervector Bundles

A mapping {: E - M of supermicrolinear spaces s called a supervector
bundle provided that E, = {%(X) is a Euclidean R-supermodule for any x
M. We call M the base space of { and E, the fiber over x. The totality of
mappings\: M - Ewith { o\ = idy (idy denotes the identity transformation
of M) is denoted by Sec {. The totality of t € TE with { ot = 0 [the zero
supervector tangent to M at { o t(0)] is to be considered as a supervector
bundle over E and is to be denoted V(E).

The tangent bundle 7y,;: MP©Y _, M is a supervector bundle, where Ty,
assigns, to each « € MPOY, ((0) e M. If N is a Euclidean R-supermodule
which is supermicrolinear, then thetrivial bundleM X N - M isasupervec-
tor bundle.

Various algebraic constructions in linear superalgebra can be carried
over to supervector bundles. If {: E - M and n: F -~ M are supervector
bundles over the same base space M, then their Whitney sum ¢ €@ m and the
natural protection e, .,): <£({,m) — M aresupervector bundles, where £(Z, n)
denotes the set-theoretic union of Hom (¢y, m,) for al x € M.

If : M - Nisamap of supermicrolinear spacesand n: F - Nisa
supervector bundle, then the notion of a graded differential n-form on M and
that of a differential n-form on M discussed in the preceding section can be
generalized easily to that of a graded differential n-form on M with values
in n relative to ¢ and that of a differential n-form on M with values in n
relative to ¢ . We denote by E"(M £ N; £€) and E"(M £ N; £) the totality
of graded differential n-forms on M with values in m relative to ¢ and that
of differential n-forms on M with valuesin ) relative to ¢, respectively. They
are to be identified naturally as Z"(M) and E"(M). If N = M and ¢ is the
identity map idy of M, then E"(M $ N; m) and E"(M & N; 7)) are denoted
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aso by E"(M; m) and E"(M; m), respectively. If v is furthermore a trivial
bundie M x R — M, then Z"(M; n) and Z"(M; m) degenerte into Z'(M)
and E"(M), respectively.

2. SUPERCONNECTIONS

Let {: E -~ M be a supervector bundle. A superconnection on { is a
mapping V: MPOD x E _, EPOD sych that for any (t, v) € MPOD X, E,
any a € R, and any d € D@D we have that

21 V(,v)(©0) =v

(22) V(wa v)(d) = V(, v)(ad)

(23) V(t, va)d) = (V(t, v)(d))a

(24) Themappingu € Eq — V(t, u)(d) e E, denoted by p/,
or p.,q), 1S bijective and preserves parities. Its inverse is denoted
by 9¢9) = U9 Ewy —» Eiq- Wecal p ) the parallel transport
from ¢(0) to t(d) along t, while q, ;) iscalled the parallel transport
from ¢(d) to +(0) along t.

If the supervector bundle {: E -~ M isatrivia bundleM X N - M,
and if V(t, £(0), X))(d) = (¢(d), X) for any ¢ € MPOD any x e N, and any
d e D(0, 1), then the superconnection V is called trivial.

Given t € EPOD, we define w(t) € EPOD to be

25 o) =t — V(-1 t(0)
Since w(t) € V(E), there exist unique we(t), wy(t) € Eyz(g such that

(2.6) w(r)(d) = +(0) + we(r)de + wo(t)do
for any d € D(0, 1). We define w(t) to be we(t) + w(t).

Proposition 2.1. Given v € E and x € M with x = {(v), the mapping
t € (EPOD), — () € E is homogeneous, so that w is a differential 1-form
on E with values in { relative to .

Proof. By (2.2), ® is homogeneous, so that forany a e Randany d e
D(0, 1),

273 w@a)d)
= o(1)(ad)
= 0(1)((@ede + aodo) + (Aedo + Ade))
= 1(0) + we(t)(Aede + Aydo) + wo(t)(Acdo + Aode)
= t(0) + (we(t)ae + wo(t)ao)de
+ (wg(t)ay + wg(t)ag)d,
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Therefore
(2.7h)  w(ta) = (we(t)ae + wq(t)ag) + (we(r)ao + wo(t)ae)
= w(?a
aswas clamed. =
We say that  is the superconnection form of V.
Proposition 2.2. For any d € D(0, 1) and any ¢ € EP©OD we have
(28) Gin(i(d) = H0) + weDde + wo(D)do
Proof. Consider the mapping
(d,d") € D(0, 1, 0, 1) = Prer,0)(t(0) + we(t)de + wo(t)(ds) € E

which coincides with V({ » ¢, t(0)) on the first axis and which coincides with
®(t) on the second axis. Therefore the mapping

d € DO, 1) —~ p(gom,d)@(o) + we(t)de + 0g(t)do) € E
coincides with t, which implies the desired proposition. m

Now suppose that we are given a mapping ¢ : M - N of microlinear
spaces and a supervector bundley : F — N endowed with a superconnection
V, which shall be fixed throughout the rest of this section. Given adifferential
n-form 6 on M with values in n relative to ¢, we would like to define its
covariant exterior derivative D%6, which isto be a differential (n + 1)-form
on M with values in m relative to ¢. It is not difficult to see that for any
(P1, - .., Pnr1) € (Z)""rand y e TPr-PnriM, there exists a unique Dg0(y)
€ Fuiy0,..0) SUchthat forany (ey, ..., €,.1) € Dp; X ... X Dpn, Wehave

.....

n+1

(29 Dso(y)er...€1 = Eizl (—l)‘“‘i(()('yio
e AN (:10%9)) LN - SN

where v; is the tangent supervector to M assigning v(0, ..., 0,d,0, ..., 0)
(d is positioned at the ith dot) to each d € DP and «; = p;(Zn+ipn). The
crucial step in the proof that the mapping v € T"*M — D=0(y) is indeed
agraded differential (n + 1)-form on M with valuesin n relative to ¢ follows
from the following two lemmas, as in Nishimura (1999, §2).

Lemma 2.3. We have
(210) Ds6(y ,;, @ = Dvo(y)a

forany (p1, ..., Pnie) € (Zy)"1, any y € TPr-PrntiM, and any a € R,
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Proof. Let (P1, . . ., Pns Pn+1) = (P1s -+« + Pns Pnsz T 1). By Proposition
2.2 we have

(211) Dwb(y ,;, & = SUH—1)*HEFD,)(0)
(212) Ds(y) = Si (1) *6(F D,)(0)

where & = pZp-ipn and Fi(€) = qiley,o(0(y'(8))) for any e € D2 with v/(e)
(dy,...,d)=~(y,...,d_4,&d,...,da) forany (dy, ..., d,) € DBt
X ... X DB-1 X DPi+1 X . X DB+1(1 =i =n)andy""e) (dy,...,d)
= y(dy, ..., d,, a) for any (dy, ..., d;) € D? X ... X DPrwhile § =
PiZn=iPn and F'(€) = 0y, (0(Y'(€))) for any e € D™ with y'(€)(dy, - - . , dy)
=y, ..., d_q,ed,...,d)forany (dy, ..., d,) e DPt X ... X
DPi-1 X DPi+1 X .., X DPn+1 (1 = i = n + 1). For any natural number i
with 1 =i =< nand any e € DPi we have
(213) F'D,(0)e = Fi(e) — F'(0)
= (Fi(e) — F'(0pa
= FD,(0)ea
= (~)PFD,(0)ae
so that
(214) F'D,(0) = (-1)PF'D,(0)a
On the other hand, for any e e DE+1, we have
(2.15) F™1D, . ,(0) = F"*1D, .,(0)a

Snce§ =& +p(=i=n)and§ 1 = &+, = 0O, the desired equality
(2.10) follows from (2.11), (2.12), (2.14), and (2.15). =

Lemma 2.4. We have
(2.16) Dv6(y; @) = Dyb(a ;, v) l=i=n
forany (p1, ..., Pnie) € (Zy)""1, any y € TPr-PntiM, and any a € R,

Proof. Let (Pg, - -, Pi ---» Pn+d) = (P ---» P T 1, -+, Pnsa), @d
(ﬁll"'!ﬁi+1u-"!§n+l):(plv"'!pi+1+Iv"'!pn+l)- Letg] andFJ
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(1=j = n+ 1) be the same as in the previous lemma. By Proposition 2.2
we have

(217) Dwb(y ; @) = (- 1)I*4(FI D,)(0)
(218) Dwb(a,;, v) = STH-1)I*E(FID;)(0)

where & = pSh-ipn and Fi(e) = i, (8(Y/(€)) for any e e Dy, with
YOy ..., d) = (vid)(dy, ..., A1, &, ..., d)forany (dy, ..., d)
e DL X ... X DE-1X DR+t X ... X DPi(l=<j=n+ 1), whilel =
Pi2h=iPn and Fl(e) = q§oyj,e)(e(ﬁl(e))) for any e e DFj withyi(e) (dy, .. .,
d)=@,:,v) (s ..., 1, dd,...,d)forany (dy, ..., d) e DL X
X DPiFt X DRitt X, X DPtl (1 =j=n+ 1). Forany jwithj # i
andj #i + 1,
(219) FID, (0)e = Fi(e) - FI(0)
= Fi(e) — F/(0)
= FID, (0)e
so that
(2200 F1D,(0) = F1D,(0
For j = i we have that for any e € DPi.
(221) Fib,(0e = FiD,(0ae
= (PP D, (0)ea
= (-1P{F'(e) — F'(O)}a
= (—1)*=P{Fi(e) — F'(0)}
= (—1)==PF Dy (0)e
so that
(222) FID,(0) = (—1)*=mFi Dy (0)

Forj =i + 1 we have that for any e e DPi+1,
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(2.23) Fi*by, (0)e = (~1Pi+Fi+1D,  (0)ae

= F1B, (Oea

= {F"(9) - F"i(O)a
= (CYE e — FHO)

= (- 1)Eh>i+lPhEi(5ﬁi(0)e

S0 that

(2.24) F*'Dy;, ,(0) = (—1)==i+1PFiD, (0)
For j withj < i we have

(225) & =& =p; + §
while for j withj > i + 1 we have

(226) & =& = &

On the other hand, we have
(2.27) §=¢& + Eh>i Pn
=& + =i Pn
(288) &1 = &1t Dpeiva P
= &1+ Dheiv1 P

Therefore our desired (2.16) followsfrom (2.17), (2.18), (2.20), (2.22), (2.24),
and (2.25)—(2.28). =

3. INDUCED SUPERCONNECTIONS

Now we define some induced superconnections. Let {: E -~ M and m:
F - M be supervector bundles over the same base space M with superconnec-
tions VvV and V' bestowed upon them. First we define an induced superconnec-
tion V @ V' on the Whitney sum { & m as follows:

B (V& V) v ® v,)(d)
= V(t, v)(d) D V'(x, vy)(d)
for any t € MPOD any v, € E,q), any v,, € F,q,
andany d € D(0, 1).
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Proposition 3.1. For any t; € EP@Y and any t, e FPOD with (POY
(t) = mPOD(x,), we have

(32) Wi ® 1) = 0yfi) D w, (i)

where w,, o, and o, denote the superconnection forms of V @ V', V,
and V', respectively.

Proof. Let « = {POV(r, = nPOD(t,). For any d e D(O, 1), we have, by
Proposition 2.2, that

(33) qlF” ((a) ® ()
= (t(0) + oe(t)de + g o(t)do)
D (t,(0) + wyelt)de + Wy o(t)do)
= (1(0) @ ((0)) + (wyelt) D wne(ty))de
+ (g0t) © Onoltn)do
Therefore the desired proposition obtains by Proposition 2.2 again. m
Corollary 3.2. For any w € Sec { and any v € Sec v, we have
(34) Dvev(n ©v) = Dyp @ Dyw
We now define an induced superconnection ¥ on Ty &s follows:

(35) V(t, )@)WV) = pLa(asV))
for any ¢ € MPOY, any d e D(0, 1), any ¥ e (¢, M).(),
andany v € F

Proposition 3.3. For any 1 € £({, m)°©Y, and any ¢ e EPCY with
(T m)POD(E) = (POD(), we have

(36)  wy(i(1)) = @e(2)((0)) + @o(E)((0)e)
— 0o(5)(£(0)0) + £(0)(w(r))

where @ denotes the superconnection form of V and t(t) denotes the mapping
d € DO, 1 —~ #(d)(c(d)).

Proof. Let ¢ = (myq)POV(E) = (POD(r). For any d e D(0, 1), we
have, by Proposition 2.2, that

37 qyEED))
= A (E())(A o ((d)))
= ()(0) + de(D)de + Bo(D)de)(E0) + wye(Dde
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+ wgo(t)do)
= (2(0) + de®e(t) + do(@o(t))e — do(@o(t))o)(x(0)
+ oy (t)de + wo(t)do)
= (©(0)(x(0)) + dewre()(x(0)) + do(@o(t))e(t(0))
— do(@o(1))o(t(0)) + £(0) (0o (t))de
+ H0)(wo(1))do
= H0)(x(0) + @e(t)(x(0))de + (®o(2))e(t(0)e)do
= @o(1))e(x(0)o)do + (Do(t))o(t(0)e)do
— (@6(1)o((0)0)do + £(0)(2e(1))de
+ 10)(wgo(0)do
= H0)(x(0)) + {®e(D)((0)) + 20) (02 ()} de
+ {@o(1))e(t(0)e) — @o(t))e(x(0)o)
+ @o(1))o(t(0)e) — @o(t))o(t(0)o)
+ 210)(wgo(0)} do
= 1(0)(x(0)) + {®e(®)(x(0)) + %(0)(w¢ ()} de
+ {@o(8)(x(0)e) — @o(2)(£(0)o) + #(0)(w,o(1))} do
Therefore the desired proposition obtains by Proposition 2.2 again. =
Corollary 3.4. For any . € Sec { and any v € SeC ., we have
(38) Dv(y(p) = DF)(R) + (DI)(1e) — (DIL)(1ro)
+ «Dyp)

If v is the trivial bundle M X R — M and the superconnection V' is
trivial, then the superconnection V is usualy denoted by V*. If { = m and
V = V', then the superconnection V is usualy denoted by V.

4. CURVATURE

Let : E -~ M be a supervector bundle endowed with a superconnection
V, which shall be fixed throughout this section. The principal objective of
this section is to introduce a sort of curvature abiding by the so-called second
Bianchi identity. First let us introduce a preliminary version of curvature
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somewhat disobedient to the second Bianchi identity, from which our desired
curvature naturally follows. The connection form  is surely an element of
E.(E 5 M; 0), and its covariant exterior derivative Dyw € Z,(E 5 M; {)
is called the curvature form of the first kind and denoted by (), for which
we have the following result.

Proposition 4.1. For any ¥ € EP®*P@ and any (d,, d,) € D(p) X D(q)
Wlth Y= C ° 7! tl = ‘Y(.i O)l t2 = ’Y(dli ')1 t3 =Y (01 ')1 and t4 =Y ('l d2)5
we have

(4.1) (—1)P0(y)d.d,
= Oipdp) * itndn)(V(01s 0o))
— Oitz.dp) * Uitaap(¥(d1, do))

Proof. By the very definition of covariant exterior differentiation, we
have

(42) (=DPO(Y)dd,

= o(y(, 0))d1 + gy, (0 (dy, -)))dz

~ Qugap(@(Y(+, d2)))d1 — (¥(0, -))d;
By Proposition 2.2 we have

(4.3) o®H(, 0)d;

= O.ap(¥(dy, 0)) = ¥(0, 0)
(44)  uap(@(¥(dy, +))d,

= Ot dpf Ato.an (V(d, &) — ¥(dy, O)}

= ity © Az, ap(V(d1, A2)) — ey, ap(¥(dly, 0))
(4.9) g an(@(¥(-, d2)))dh

= Qtzap{ At ap(V(d1, d2)) — ¥(0, dp)}

= iz dy) © Ata,cn(¥(Ar, o)) — 5,0 (Y(0, o))
(4.6) (0, -))d,

= Oaap(¥(0, d2)) — ¥(0, 0)

Therefore the desired conclusion follows. m
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Now we introduce another curvature form, to be called the curvature
form of the second kind and to be denoted by (), as follows:

4.7 Q) = Qh()) for any microsquare y on E.

where h(¥y) denotes the horizontal, component of ¥ (Moerdijk and Reyes,
1991, Chapter V, 86) in the sense that for any (d,, d;) € D(0, 1)?,

(4.8) h(¥)(d1, d2) = Pyyas).a2) ° Piv-0),a(¥(0, Q)

with v = { o §. For the curvature form of the second kind, we have the
following result.

Proposition 4.2. Using the same notation as in Proposition 4.1, we have
(49) (—1)P0(y)did,
=7(0, 0)
— ita.dp ° Atadp) © Prtady) © Peer.an(V(0; 0))

so that Q(V) depends only on y = {-y and v = ¥(0, 0), which enables us to
regard () as afunction from T2(M) to £({) in the sense that Q(y)(v) = Q7).

Proof. Simply put h(y) in place of ¥ in Proposition 4.1. =

We now reckon ) as a function from MPOY? to £(¢) in the canonical
way, for which we have the following result.

Proposition 4.3. The function 2: MPOY? _, %(¢) is a differential 2-
form on M with values in TL(E)s i.e., O e Ez(M, ’ﬂ'gg(g)).

Proof. We define a function §: MP@Y? x E _, EPOY? as follows:
M

(4.10)  H(y, V)(d1, d2) = Pry(ar)a2) ° P02 (V)
for any (y, v) € MPOY? x E and any (d;, d,) e D(0, 1)?
M

Then it is easy to see that
(411) bHv:a v)=h(y,v);aforanyae R (i =1 2

Since fl(y)(v) = Q(H(y, v)) and Q is 2-homogeneous, Qisaso 2-homoge-
neous. Now we use the same notation as in Propositions 4.1 and 4.2. To
show that () is super alternating, we let v, = v and define v, and v, in order
as follows:
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(412) Vi = Uuzdy * Atady) * Peizap) * Preg,an(Vo)

(4.13) Vo = Uuydp) * Aitndy) * Prtadn) * Preadn (V1)

On the one hand, it follows directly from (4.12) and (4.13) that
(414) V2 = Vo

On the other hand, we can calculate v; and v, in order by making use of
Proposition 4.2:

(4.15) Vi = Vo — (—1)PU(y) (Vo) ooy
(4.16) Vo = v — (—1)PIO(S(y))(ve)do0y
= Vo — (—1)P0(y) (Vo)
— (= DPIE)) (Vo — (—1)PU(y)(Vo)dadr) 0y
[(4.15)]
= Vo — (—1)PU(y)(vo)ucl,
— (—1PIUS(Y)) (Vo) 0y

It follows from (4.14) and (4.16) that
4.17) Q(y)vo) + (—1PUUS())(vo) = O
which means that () is super alternating. m

Now we give a super, cubical version of Kock’s (1996, Theorem 2)
simplicial and combinatorial Bianchi identity.

Theorem 4.4. Let y € MP®>*D@>D0) | et (dy, dy, d3) € D(p) X D(q)
X D(r). We denote points y(0, 0, 0), y(dy, 0, 0), v(0, d, 0), ¥(0, 0, dg), y(ck,
d2, O), 'y(dl, O, dg), y(O, d2, dg), and 'Y(dl, dz, d3) by O, A, B, C, D, E, F, and
G respectively. These eight points are depicted figuratively as the eight
C__
I
|

vertices of a cube:
ava

ra
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Then we have
(4.18) Pao° Ppa © Pgp ° Rersp ° Reecr ° Repae © Poe
° Pap ° Poa ° Rocea © Rogrc © Roaps = ido
where

(4.19) For any adjacent vertices X and Y of the cube, Pyy denotes the
parale transport from X to Y along the line connecting X and
Y (e.9., Poa and Pao denote py(. ).ay) aNd Q- 0).ap) FESPECtively).

(4.20) For any four vertices X, Y, Z, and W of the cube rounding one
of the six facial squares of the cube, Ryyzw denotes Py © Py
° Pyz © Pxy (0., Roaps JeNotes Qo,,0dy) ° Yiv(-da0).an) ©
Por0d) © Pocoog).

(4.21) ido isthe identity transformation of Eo.

Proof. Write (4.18) exclusively in terms of Pyy's, and write off al
consecutive Pxy © Pyx's. =

The abovetheorem givesriseto the following form of the second Bianchi
identity in our super context.
Theorem 4.5. We have

(422 DsQ=0

where Dy is the covariant exterior differentiation with respect to the
induced superconnection V on g, and recall that () e Ey, (M; my), s
was explained in Proposition 4.3.

Proof. The proof is carried out by the same method as in Proposition
4.3. Letwy, dy, dy, d3, O, A, B, C,D, E, F and G be asin Theorem 4.4. Given
Vo € Ey 00, We definev; € E o (i = 1, 2,3, 4,5, 6) inorder as follows:
(4.23) Vi = Roaps(Vo)
(4.24) v; = Rogrc(V1)
(4.25) V3 = Rocea(V2)
(4.26) V4 = Pao ° Poa ° Pep ° Repae © Pog © Pap © Poa(Vs)
= Pao ° Raecp © Poa(Vs)
(4.27) Vs = Pao ° Ppa ° Pep ° Reecr ° Poc © Pap © Poa(Va)
= Pao ° Raeep © Pea © Recre © Pae © Rapce © Poa(Va)

= Pao ° Pea ° Reapa © Recre © Reaoc © Pae © Poa(Va)
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= Rocea ° Pco © Pec © Reepa © Recre © Reanc © Pce © Poc
° Roaec(Va)
= Rocea ° Pco © Pec © Recpa © Pce © Reree © Pec © Reapc © Pce
° Poc © Roaec(Va)
(4.28) Ve = Pao ° Ppa ° Pep ° Rerap © Pog © Pap © Poa(Vs)
= Pao ° Poa © Rocrs © Pap © Poa © (Vs)
= Rospa ° Pgo ° Reper © Pos ° Roaps © (Vs)

Now we calculatev; (i = 1, ..., 6) in order. It follows directly from Proposi-
tion 4.2 that

(4.29) Vi = Vo — (—1)P(y(:, -, 0))(Vo) dhdy

The calculations of v, and v; are similar, so we present details of the former
calculation, but simply note the result of the latter calculation, leaving the
details to the reader:

(4.30) Vv, = vy — (—1)F(y(0, -, ))(vo)dds
[Proposition 4.2]
= Vo — (‘quﬁ(Y(H -, 0))(vp)d10,
— (=)TO(Y(O, -, )Wo — (=DM, -, 0))
X (Vo)dhd)dds  [(4.29)]
= Vo — (= DPI(y(, -, 0)(Vo)chd
— (=T Y(O, -, -)) (Vo)
(431) V3 =vo — (—=1)PUO(:, -, 0))(Vo)ddy
— (=) (Y(O, -, -))(Vo)dds
+ (=1P"Q((, 0, ))(Vo)dads

The three calculations of vy, vs and vg are similar, so we present their details
only in case of the first, leaving details of the other two calculation to
the reader:

(4.32) V4 = Pao ° Raecp ° PoalVo — (‘quﬁ(’Y(‘: *, 0))(vo)d1d2

— (=)TQ((O, -, ))(Vo)dads
+ (1P Q(y(-, 0, ))(Vo)dhds  [(4.31)]
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= Pao ° Raecp © (Poa(Vo)
— (= )PIPoAQ((O, -, -, 0))(Vo))d
— (—D)IPoA@(Y(O, -, -))(Vo))deds
+ (_1)prPOA(Q('Y(': 0, ))(Vo))dids
= Pao(Poa(Vo) = (—1)PUPoa(Q(y(:, -, 0))(Vo))chd
— (= D)TPoa@(¥(0, -, -))(Vo))deds
+ (= 1PPoa(@(y(-, 0, -))(vo))dids
+ (=% (y(dy, -, -))(Poa(vo)
- (_1)quOA(ﬁ('Y(" *, 0))(vo))d10;
— (=) Poa(Q(¥(0, -, -))(Vo))doOs
+ (_1)prPOA(Q('Y('v 0, *))(Vo))d1d3)dx0;
[Propositions 4.2 and 4.3]
= Vo — (—1)PU(y(-, -, 0))(Vo))chd,
= (=7 Y(O, -, ) (Vo) Dy
+ (=P Oy(-, 0, ))(Vo)dids
+ (=) Pac(Q(v(dy, -, -))(Poa(vo)))dzds
(433) Vs = Vo — (—1)PUUY(-, -, 0))(Vo)dady
— (=1)TQ((O, -, ) (Vo)dds
+ (=P OUy(, 0, ))(Vo)duds
+ (=) Pao(Q(v(dy, -, -))(Poa(Vo)))dzds
+ (= 1)PIPeo(Qy(:, -, dg))(Poc(Vo))dad,
(4.34) Ve = Vo — (=DPUUy(:, -, 0))(Vo)dhd
— (=1)TQM(O, -, ))(Vo)dds
+ (=P OUy(, 0, ))(Vo)duds
+ (=) Pao(Q(v(dy, -, -))(Poa(Vo)))dzds
+ (—)PIPo( QU (-, -, dg))(Poc(Vo)))dady
— (— 1P Peo(Q(Y(:, dz, *))(Por(Vo)))dids
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It should be the case by Theorem 4.4 that vg = v, Therefore
(4.35) (1P, -, 0))(Vo)chd,
+ (=1)TQH(0, +, ))(Vo)dsd
— ()P Oy(-, 0, ))(Vo)dda
— (= 1) Pac((v(dy, -, -))(Poa(Vo)))dots
— (—1)PIPo((Y(-, -, 05))(Poc(Vo)))dad,
+ (= 1)PPao(Q(y(-, da, -))(Pos(Vo))))dids = 0

By multiplying by (—1)P9*Pr+ar in (4.35), we have

(4.36) (=D rQ(y(:, -, 0)(Vo)dad
+ (=P O(Y(0, -, -))(Vo)dos
— (1P (y(-, 0, -))(Vo)didy
— ()PP PA(Q(y(dy, - ))(Poa(Vo)))0ds
- (_1)pr+qrpoc(ﬁ(7(‘, *, 03))(Poc(Vo)))dhd,
+ (‘qumrpso(ﬁ(ﬁ’(', dy, *))(Pog(vo))))dhds = 0

Since vy € E, 00 Was chosen arbitrarily, the proof is complete. m

We conclude this section by discussing curvatures of the second kind
of the induced superconnections dealt with in Section 3. Let : F - M be
another supervector bundle over the same base space embellished with a
superconnection V', asin that section.

Proposition 4.6. For any y € M©Y? we have

@370 Qoq(y) = Quly) @ Qy(y)

where Q) ¢, Q, and Q, denote the curvature forms of the second kind of
superconnections V @ V', V, and V', respectively.

Proof. Let v V' e (E D Fyqp). We assume that y € MPP*P@_ | et
d; € D(p) and d, e D(q). Let t; = y(-, 0), t = v(dy, *), ts = (0, ), and
t, = (-, dy). By Proposition 2.2, we have
(4.38)  (—1)PUyeq(v)(v D V)did
=(veVv)
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~ Gizeg) © Alach) © Ptzdz) © Pl (VD V)
= {V — d.a) © Aladr) ° Plizn) © Plipa)(V)}
D {V' — Aisd) ° Uian) ° Plina) ° Pira)(V')}
= (— )P0 (y)(Vdady B (— )P0, (v')(v') 0l
= (P Q) @ O, (y)V)}dud,
Therefore the desired proposition obtains. m
Proposition 4.7. Let y € MP®*P®) and ¥ e £(L, )y (00)- Then we have
(439 O
= Q1) © Ve + (~ 1P AQ(W) © T — Vo (i)

where (:) Q, and_Q, denote the curvature forms of the second kind of
superconnections V, V and V' respectively.

Proof. Let d; € D(p) and d, e D(q). By Proposition 4.2 we have
(440) (~1P0M)@)chd,
= U = Qlipa) ° Altatn) © Pl) ° Plinan) ()
=V- q(vtg,dz ° q(vt4,d1) ° p(Yz,dz) ° p(vtl,dl) oV
° Q(vtl,dl) ° q(Yz,dz) ° p(vt4,d1) ° p(Y3,dz)
=¥ = (ide g0 — (—1)PU,(v)0d,) © T o (ide, 4
+ (‘quflc(ﬁ’)dldz)
= U — (ide g — (—1)P0i0x(Qy())e
— (= 1)PIPHady Ay (€, (v)o) © ¥ (ide o,
+ (— )P0 (v)dydy)
= (= 1)PUQ4(¥))e © Veyd
+ (= 1)PIPHA(Q (v))e © Volhdl
+ (= 1)PIUL,(¥))o © Yedidp
+ (= 1)PIPHA(L, ())o © Vbt — (—1)P0 o (Q(y))did,
= (— 1P, (y)) ° Veydy + (—1)PIPHA(Q, (v)) © Uolhydhy
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— (1P o (Cu(y))dad,
= (=P (2, (V) © Ve + (—1P*IUQ,(V)) © %
— Vo (Q(v))}did,
Therefore the desired proposition obtains. =
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